The nonlinear response of a reduced model of an orthotropic single-layered plate with thermomechanical coupling is investigated in the presence of thermal excitations, in addition to mechanical ones. Different issues are addressed via accurate and extended local and global analyses. (i) Assessing the possible occurrence, disappearance or modification of mechanical buckling as a result of thermal aspects; (ii) exploiting global dynamics to unveil the effects of coupling; (iii) highlighting the crucial role played by the slow thermal transient evolution in modifying the fast steady mechanical response; (iv) framing the influence of coupling and underlining the need to use a thermomechanical model to grasp the actual plate dynamics; and (v) getting hints of technical interest as to the outcome robustness with respect to variations in the external/internal thermal parameters.
Introduction
Modelling and the nonlinear dynamics of composite plates in a thermomechanical framework have been the subject of some recent studies aimed at unveiling the possible need to account for the actually coupled behaviour occurring in the multiphysics environment which characterizes their applications in several fields of mechanical, aerospace and civil engineering [1] [2] [3] . Indeed, most of the previous studies dealing with the nonlinear dynamics of structural models were concerned with partially coupled, or even uncoupled, analyses, in which the interaction phenomena between mechanical and thermal variables are neglected; the problem is addressed by simply referring to a thermal environment and assuming the temperature distribution, or at least independently solving the heat conduction problem and then the mechanical equations of dynamic equilibrium with known terms involving temperature effects (see, for example, [4] [5] [6] [7] [8] [9] [10] [11] [12] ). A small number of studies [13] [14] [15] [16] [17] [18] considered fully coupled analyses, whose main outcomes are summarized in [2] .
Pursuing coupled analyses of composite plates in a coherent and controllable framework has recently required developing a unified formulation of the thermomechanical problem [1, 3] , based on the Tonti approach to physical theories [19] , in which displacement and temperature variables are dealt with at the same time, within a mathematically inseparable context [20] that is certainly more involved than the uncoupled one from the computational point of view.
A distinctive aspect of all works pursuing fully coupled analyses is dictated by the possibility of delving into the understanding and description of the nonlinear dynamic response. This requires formulating and subsequently using proper reduced order models (ROMs) instead of the richer finite-element ones mostly (though not exclusively [8] [9] [10] [11] [12] ) considered in partially coupled analyses, whose complexity may actually prevent a correct interpretation of the nonlinear phenomena. In particular, for symmetric cross-ply laminates, a three-mode minimal model with one mechanical and two thermal equations/unknowns has been derived in [1, 2] , in the framework of the two-dimensional (2D) shear-indeformable von Kármán theory with thermomechanical coupling and assumed linear temperature variation along the thickness. Further possible dimensional reductions of the dynamic problem have been outlined in [1, 21] . The three-mode model has been preliminarily used to obtain information on free and forced nonlinear vibrations under various modelling assumptions and physical settings [1] . Then, conditions of the passive thermal regime in which thermal phenomena are dragged into the system overall response by the solely existing mechanical excitation, as a result of the existing full coupling, have been systematically investigated, along with some ensuing aspects of nonlinear dynamics [2] .
However, no studies have been conducted yet with a coupled model in the presence of active thermal sources, in addition to mechanical ones, and no analyses of the relevant nonlinear dynamic effects are available in the literature. Yet, this represents a potentially valuable investigation into the available thermomechanically coupled ROMs, as well as an issue of considerable interest from both the theoretical viewpoint, as to the involved phenomenological aspects, and the practical perspective, given the important role played by thermal excitations in a variety of multiphysics structural applications. The present paper is devoted to just this last issue.
Extended bifurcation analyses of the nonlinear dynamic response of the three-mode model are accomplished by considering the combined action of a static in-plane precompression, a transverse, harmonically varying, mechanical excitation at primary resonance with the structure, and different possible kinds of thermal excitation. Attention is first focused on the occurrence of the dynamic buckling possibly entailed by the presence of an in-plane, mechanical and/or thermal excitation, and on the features of the ensuing post-buckled response. In fact, based on variably refined mechanical theories, thermally induced buckling of plates and shells with different geometric and (possibly temperature-dependent) material properties has been the subject of many investigations, mostly in static conditions and with a finite-element approach (e.g. [22] [23] [24] [25] [26] ). Recently, focusing in particular on functionally graded materials, which are constructed to sustain high temperature environments, dynamic thermal buckling has also been addressed via either multidegree-of-freedom or ROMs, aiming to highlight conditions for its occurrence under different temperature distributions along the thickness as well as features of the postbuckling nonlinear response (e.g. [27] [28] [29] [30] ). However, while time-varying mechanical loads have been considered in some studies, the thermal framework has been assumed to be nearly always time independent, and the physical context always uncoupled.
By contrast, the context of the present paper is both fully dynamical and fully coupled, with one main objective consisting of investigating whether and how the presence of a thermal excitation can modify the occurrence of buckling and the features of the ensuing nonlinear dynamic scenario. A variety of response patterns are addressed. They include avoiding a preexisting mechanically driven buckled response or inducing a thermally driven one, as well as exploiting a thermal excitation to force buckling around a selected dynamic equilibrium either in the absence of a mechanically driven buckling or starting from a pre-existing two-sided one.
Local bifurcation analyses allow us to verify the occurrence of the modified response patterns. However, a comprehensive and reliable understanding of the actual scenario of dynamic response can only be obtained by complementing local analyses with global ones [31] [32] [33] , conducted via proper 2D cross sections of the four-dimensional (4D) basins of attraction. This is needed, in particular, if we are aiming to highlight the possibly non-trivial steady effects entailed by the considered thermomechanical coupling with respect to the global scenario obtainable with the uncoupled model, in which thermal phenomena are taken into account as solely steady mean excitations entering the equation of motion, upon independently solving the underlying, but uncoupled, thermal equations. Exploiting global analysis to unveil the effects of coupling is indeed one more objective of this paper.
In this respect, in the coupled model, a fundamental role is played by the long transient occurring in the response of the dominant thermal variable, whose slow temporal variation may entail a totally different steady outcome of the structure with respect to the uncoupled model. This occurs if we assume nearly vanishing initial conditions (i.c.) of the dominant variable, and of the companion one, which is indeed not only a 'natural' choice in computational terms but also a somehow 'expected' phenomenological feature in technical applications. The discrepancy of the outcomes furnished by the coupled versus uncoupled models for nearly trivial thermal i.c. is concerned with the nature (unbuckled or buckled, monostable or multistable) of the relevant solutions. Its robustness with respect to variations of thermal parameters of either external (i.e. the excitation amplitude) or internal (i.e. a material suitable property) nature has to be addressed, too, in order to get hints about the possibility of more swiftly driving the response scenario to a desired steady one: a matter which is of considerable interest from an engineering design perspective.
The paper is organized as follows. In §2, the thermomechanical model is summarized, with the main assumptions in the background, the reduced order equations of motion and the thermal excitations; model validation in linear dynamics and critical buckling is also accomplished. Sections 3 and 4 report in detail on extended local and global bifurcation analyses in the presence of a membrane and a bending thermal excitation, respectively. Variable thermal effects on the plate dynamic buckling are addressed, by also highlighting the differences obtained when using the coupled or the uncoupled model. Section 5 dwells on the transient and steady effects captured by the coupled model, and on the possibility of somehow modifying them by acting on some external or internal parameter of the problem. The influence of coupling terms is summarized in §6. The paper ends with some conclusions.
Thermomechanical model and thermal excitations
Thermomechanically coupled, geometrically nonlinear oscillations of a composite plate are analysed under different thermal excitations, shown by the rectangular laminate in figure 1 , with thickness h and edge lengths a and b in the x-and y-directions, respectively. The mid-plane of the plate coincides with the xy-plane of an orthogonal Cartesian coordinate system. The plate is subjected to uniform compressive forces of magnitude p x and p y on the plate edges to distributed, harmonically varying, transverse mechanical excitation and to thermal loadings.
The thermomechanical plate model used here is derived within a unified twodimensional/zero-dimensional (2D/0D) modelling framework that integrates the mechanical and thermal aspects presented in [1, 2] , which the reader should refer to for the formulation details. Here, a brief summary of the main modelling features is provided, together with a concise description of the formulation steps that allow us to define the set of the reduced 0D equations used for the analyses.
At the 2D level, the basic assumptions consist of considering classical displacements with von Kármán nonlinearities, along with a correspondingly consistent linear variation of the temperature along the thickness. By properly combining the configuration, phenomenological and balance multiphysics relations, five (three mechanical and two thermal) partial differential equations (PDEs) of motion are obtained in terms of five unknown 2D configuration variables (mid-plane displacements, u, v, w; membrane and bending temperatures, T 0 , T 1 ), together with the corresponding boundary conditions [2] . At the 0D level, in the context of a minimal Galerkin discretization to be pursued under conditions of no internal resonance between the transverse modes of the laminate, single-mode approximations are assumed for the transverse displacement w and the temperatures T 0 , T 1 , while the in-plane displacement components u, v are expressed in terms of w and T 0 through static condensation of the corresponding (in-plane) PDEs of motion (under the usual assumption of a frequency of the in-plane vibration much higher than the frequency of the transverse vibration). The formulation ends up as the following three coupled nonlinear, non-dimensional ordinary differential equations (ODEs) for a simply supported plate with movable and isothermal edges [2] in terms of the unknown 0D configuration non-dimensional reduced variables W (deflection of the centre of the plate), T R0 (membrane temperature), T R1 (bending temperature). Coefficientsā ij are reported in the electronic supplementary material, appendix S1, for the orthotropic singlelayered plate considered in the following investigations. The linear mechanical stiffnessā 13 also depends on the in-plane precompression p. Note that, although representing the simplest (i.e. minimal) approximation of the underlying 2D PDEs of the thermomechanical plate, the reduced order equations (2.1) still preserve the main relevant coupling aspects, thus enabling systematic investigation of their effects on the nonlinear vibrations of non-internally resonant plates under active thermal conditions.
The non-dimensional thermal membrane (e 0 ) and bending (e 1 ) excitations are derived from the assumed presence of a body source thermal energy E(x, y, z, t) in the general three-dimensional (3D) model, which represents a power density possibly due, for example, to the passage of an electric current through the plate, chemical reactions or nuclear fission. In the present modelling context, the 3D field E(x, y, z, t) and the 2D (membrane and bending) quantities E (0) (x, y, t) and E (1) (x, y, t) are related by eqn (18) of [1] ,
Herein, the 3D field is assumed to be composed of two contributions, respectively, constant (E C ) and linear (E L ) along the plate thickness z, as shown in figure 2 . This choice is coherent with the assumed profile of the unknown membrane T R0 and bending T R1 temperature variables, which are supposed to be constant and linear with respect to z, respectively. Inserting (2.3) into (2.2) furnishes the expressions of the 2D membrane and bending body source energies as a function of the 3D field components,
When moving from the 2D to the 0D framework through a Galerkin discretization, the source energies are assumed to be spatially constant, i.e.
, where E (0) (t), E (1) (t) represent the 0D membrane and bending excitations. After non-dimensionalization, the membrane and bending excitations of equations (2.1b) and (2.1c) are derived,
as a function of the plate edge length a, thickness h, thermal expansion along the x direction α 1 , thermal capacity C and fundamental linear frequency ω. Recalling expressions (2.2)-(2.5), a direct relation between the 3D body source energy E(x, y, z, t) and the non-dimensional e 0 (t) and e 1 (t) thermal excitations can be finally deduced,
To investigate the dynamical behaviour of the thermomechanical system (2.1), reference is made to an epoxy/carbon fibre composite plate of dimensions a = b = 1 m and h = 0.01 m. The values of the material's elastic and thermal properties, which are assumed to be independent of the temperature, are taken from [34] , except for the specific heat, c v , which is given a lower value in order to activate thermal processes with no computational criticalities due to too low thermal stiffnesses, while also working with acceptable values of the thermal excitations. The material's properties are reported in the electronic supplementary material, appendix S1, along with the values of the ensuing non-dimensional coefficients of equations (2.1). In the following, numerical analyses are developed under a primary resonance condition, which is known to be the most critical situation for an externally forced dynamical system. Moreover, the transverse forcing amplitude f is set to a low value f = 1, which is sufficient to evaluate its main effects on the system dynamics [2] , including the activation of the involved post-buckling behaviours described in the following sections. AUTO [35] and Mathematica [36] are used to describe the system periodic responses, and a C++ ad hoc routine is implemented to obtain the cross sections of the 4D basins of attraction. 
The relevant well-known solution reads W(t) = C 1 cos ωt + C 2 sin ωt, where
The dimensional fundamental mechanical frequency ω can be obtained as a function of the system's physical parameters defined in the electronic supplementary material, appendix S1,
By adding the linear coupling to the mechanical equation (ā 15 = 0), the thermomechanical linear undamped system is derived asẄ
The relevant W(t) and T R1 (t) solutions can be obtained in closed form as a function of the thermomechanical fundamental frequency ω TM . Numerical values are compared with those obtained through the Carrera Unified Formulation, which handles a variety of plate theories [34] . The simplest case of a one-layered isotropic plate in AL2024 is considered, whose physical properties are reported in [34] . Table 1 shows an almost exact coincidence of the results, with a negligible effect of the thermomechanical coupling in the free vibration analysis. From system (2.1), the critical values of precompression p and thermal load T R0 inducing mechanical buckling can also be derived. In fact, vanishing of the thermally affected mechanical linear stiffness corresponds to the bifurcation threshold separating stable and unstable plate configurations,ā 13 +ā 16 T R0 = 0, whereā 13 is function of p, as shown in the electronic supplementary material, appendix S1. In the absence of a temperature increase, the dimensional mechanical critical bucking load is obtained,
while, assuming in-plane indeformability (u(x, y) = v(x, y) = 0) and p = 0, the dimensional thermal critical bucking load reads 
when a dome-shaped or uniform temperature distribution on the plate's external surface is considered, respectively. Note that model (2.1) has been developed by referring to a dome-shaped temperature profile, which is a good idealization in many technical cases. However, from a validation perspective, both cases are considered. Expressions (2.7) and (2.8) are identical to those provided by the Navier solution [37] (mechanical buckling) and minimum potential energy [38] (thermal buckling), respectively, for the Kirchhoff plate, whose values for the isotropic plate are also reported in table 1. This further confirms the reliability of the present model.
Effect of membrane thermal excitation
To analyse the effects of a membrane thermal excitation on the dynamical behaviour of the system, two different kinds of thermal forcing can be considered according to the model, i.e. a time-constant temperature difference T ∞ between the plate and the surrounding medium, which activates pure convection on the external surfaces and pure internal conduction, and a timeindependent thermal excitation e 0 , constant along the thickness, which can be physically obtained by exploiting the Joule effect due to the current passage in the plate (owing, for example, to the insertion of conductive metallic fibres or carbon nanotubes into the epoxy matrix, with the aim of enhancing its electrical conductivity). From equation (2.1b), a direct relation between them can be obtained (
highlighting that they produce the same effect on both the thermal and the mechanical vibrations. In this section, the presence of a constant thermal variation T ∞ is considered, while the alternative application of an e 0 excitation will be addressed in §5. Looking at the system equations (with e 0 = e 1 = 0), it can be observed that a non-vanishing T ∞ acts directly on the T R0 membrane thermal variable, which is coupled with the mechanical linear term in the mechanical equation (2.1a). In particular, linearization of equation (2.1b) and substitution into equation (2.1a) allow us to relate the thermal excitation T ∞ to the steadystate value of the membrane thermal variable and then directly to an equivalent mechanical precompression p governing theā 13 stiffness coefficient, i.e.
Such a correspondence is also highlighted by the bifurcation diagram of the mechanical response (W) obtained as a function of the two different (mechanical and thermal) excitations; the relevant minimum and maximum response curves are reported in figure 3a, in order to point out the amplitudes of the oscillation. Looking at the thermal variables, the temperature difference T ∞ is seen to produce the same effect of the precompression p on the solely dragged bending temperature T R1 (figure 3b); by contrast, the membrane thermal variable T R0 directly activated by T ∞ (figure 3d) exhibits solutions considerably different from those obtained with pure precompression (figure 3c), being characterized by sensibly higher amplitudes and aligned along a straight line in the relevant plane due to the nearly linear structure of equation (2.1b) .
With reference to the mechanical response (figure 3a), a nonlinear critical value for both excitations is detected (p = 2.52, T ∞ = 288.2, dashed red line in figure 3 ), which corresponds to the passage from a monostable pre-buckling dynamics to a multistable post-buckling scenario. high values of the excitations), yet with meaningful differences between them due to the bending components of each pair also being globally symmetric, and nearly centred (figures 3b and 4c), while the corresponding membrane components are self-symmetric (figures 3c and 4b) even in the sole presence of the mechanical precompression p. In view of following outcomes, it is worth underlining that the pre-buckling solution P1 is also stable in the post-buckling regime, where it becomes a high-amplitude cross-well solution oscillating around both the varied plate equilibria. It is also worth noting that other buckled solutions of higher period, stable for limited ranges of the excitations, have been detected, but they are not reported in the bifurcation diagrams of figure 3 for the sake of readability.
To obtain a comprehensive description of the system dynamics, the cross section of the 4D basin of attraction in the mechanical state plane, realized at trivial values of the thermal variables, is reported in figure 5a for p = 4, T ∞ = 0. Under a solely mechanical precompression, the system basins display a marked fractality, with the dominance of the P1 I and P1 II solutions (orange and red basins, respectively), which show a compact core around the buckled configurations.
Comparing the results with those presented in figure 5b for the purely mechanical model (i.e. equation (2.1a) withā 15 =ā 16 = 0), no significant differences can be pointed out, highlighting that in the absence of thermal excitation the thermomechanical coupling does not affect the steady-state response of the system. Owing to the concordance of effects between p and T ∞ in the mechanical response, underlined in figure 3a, it is of interest to verify the ability of the constant thermal excitation in alternatively avoiding or inducing dynamic buckling.
(a) Avoiding mechanical buckling
The first set of analyses presented below is addressed at eliminating the occurrence of buckled solutions by properly acting on the excitation set-up. With this aim, the system is first settled to a buckled scenario, obtained by applying a precompression p = 3.39, whose cross-section basins for T R0 = T R1 = 0 are reported in figure 6a(i). Here, the coexistence of the pre-buckling P1 (grey) basin and of the largely dominant buckled P1 III (cyan) and P1 IV (blue) solution basins is highlighted. Starting from this global response scenario, a negative thermal variation T ∞ = −100, i.e. a cooling of the plate due to a colder environment, is applied, whose effect at the steady state corresponds, from relations (3.2), to a reduction of ∼ = 0.88 in the equivalent precompression force. As a consequence, the system dynamics regime moves to the pre-buckling configuration at p = 2.51, as sketched on the bifurcation diagram in figure 6a (ii). Looking at the relevant basins of attraction with trivial thermal values, presented in figure 6b, the ability of the thermal excitation to wipe out the buckled basins is verified, with the passage from a multistable to a monostable regime. The transition from the buckled solutions to the pre-buckling one is highlighted by the time histories of the responses reported in figure 6c(i). Starting from two different mechanical i.c. belonging to the two buckled cyan/blue basins, the graphics demonstrate the occurrence of the jump at t ∼ = 20 000, i.e. after the transient evolution, to the steady cross-well P1 solution of both the mechanical and bending thermal variables, while the membrane thermal variable slowly settles to the negative steady value T R0 = −0.9, corresponding to a temperature variation of ∼ = 160 K. Phase portraits of the responses just before and after the jump are also reported ( figure 6c(ii) ).
To verify the influence of thermomechanical coupling, the basin of attraction of the mechanical system withā 15 = 0 and the membrane thermal excitation taken into account by considering its mean steady-state value T R0 = −0.9 is also built, obtaining the same picture as the 4D cross section in figure 6b . This corresponds to sequentially solving the uncoupled (i.e. withā 24 = 0) membrane thermal equation (2.1b) and then the mechanical equation (2.1a) with the obtained steady value of T R0 (a model which in the following, for the sake of conciseness, will be labelled uncoupled). The perfect accordance between the results of the two, coupled and uncoupled, models proves that, in this case, the T R0 long transient does not affect the steady dynamics of the system. A radically different behaviour is observed when a positive thermal variation is applied, with the aim of obtaining buckled solutions by exploiting the temperature difference between the plate and the surrounding environment. In this respect, a mechanical precompression p = 2.51 is furnished to the system, corresponding, as previously shown, to a monostable dynamical configuration, reported in terms of basins of attraction in figure 7a(i), for the sake of comparison. The bifurcation diagram of figure 7a(ii) reveals that, when adding a thermal excitation T ∞ = 100, the system steady response becomes characterized by a multistable behaviour including a pair of buckled solutions, P1 III and P1 IV , coexisting with the pre-buckling P1 response. In terms of basins of attraction, such a scenario is certainly well captured by the response reported in figure 7b , relevant to the uncoupled mechanical system with constant T R0 = 0.9, i.e. the regime value of the membrane thermal variable obtained from relations (3.2). However, if the thermal variation is applied to the coupled thermomechanical model, the cross section of the 4D basins of attraction with trivial values of the thermal variables displays a completely different scenario, namely the same monostable behaviour as the one in figure 7a(i) . The discrepancies between the expected and obtained behaviours of the model can be understood by looking at the time histories in figure 7c . The long transient time needed by the membrane temperature to attain its final steady value entails, in the mechanical equation, a slow thermal contribution to the system's overall stiffness up to reaching the value necessary to achieve the buckled configuration. As a consequence, the mechanical response in the very first initial steps of its temporal evolution falls onto the pre-buckling solution (as shown in figure 7c(i) ), which represents the only stable response for the system when no thermal excitation is applied, irrespective of the chosen mechanical initial conditions. Since it represents a robust attractor in the whole range of parameters considered here, the trajectories already settled on it do not modify their behaviour when other buckled responses arise in the 4D state space. The whole matter is better understood by looking at different planar cross sections of the 4D basins of attraction. In fact, those considered up to now for null values of the thermal variables are certainly the reference natural ones in purely mechanical terms; however, a more comprehensive description of the basins' organization in state space can only be obtained by also considering cross sections for non-trivial values of thermal variables. This is necessary mostly if one is interested in grasping the final outcomes of the dynamics started with a given i.c. of the variable specifically governing the system response, which is the membrane temperature here. Figure 8a shows the different cross sections of the 4D basins realized for increasing values of T R0 , where the progressive rise and enlargement of the buckled cyan/blue basins can be observed up to reaching perfect agreement with the scenario obtained for the uncoupled mechanical system (figure 7b) when the T R0 value coincides with its steady one. To summarize this behaviour, two cross sections of the basins of attraction in the (T R0 ,Ẇ) plane for trivial T R1 are presented in figure 8c, which is obtained by fixing W = 2.3 and W = −1.3, within the buckled P1 IV and P1 III basins at T R0 = 0.2, respectively (see figure 8a(i) ). Figure 8c shows that for T R0 lower than 0.2 the basin of attraction of the coupled system in the mechanical phase plane coincides with the sole pre-buckling solution basin, while the buckled basins appear in the (T R0 ,Ẇ) sections and enlarge their compact part for 0.2 < T R0 < 0.9. In terms of the steady mechanical outcome of the dynamics this means that, if considering a vanishing i.c. for T R0 -as is somehow natural from the practical viewpoint-or even a nearly vanishing one within the grey stripe (T R0 < 0.2) on the cross sections in figure 8c , the coupled system ends up as the pre-buckling solution, while assuming 0.2 < T R0 < 0.9 it is progressively much more likely to end up as one of the two buckled solutions. For even higher i.c. of T R0 , the development of a strong fractalization significantly reduces the magnitude and compactness of the buckled basins, thus making the corresponding final outcomes quite uncertain. Note that, in all cases, the attractors lie in the plane T R0 = 0.9, T R1 ∼ = 0.0, with values of W,Ẇ corresponding to the different mechanical solutions. As a general comment, the presented results highlight the ability of the coupled model to capture the actual behaviour of the physical system by taking into the account the effects of the thermal temporal evolution on the dynamical response. In fact, choosing thermal i.c. closer to the steady value to be attained corresponds to decreasing the gap that the membrane thermal variable has to cover, thus reducing the thermal transient ( figure 8b) . The crucial role of the latter is evident in the qualitative changes of the mechanical response clearly pointed out by the results in figure 7(a(i) ) and figure 8a, the latter also including the response furnished by the uncoupled model, which describes the behaviour of the system robustly achievable only by setting a nonnearly vanishing i.c. of the membrane thermal variable.
Effect of bending thermal excitation
In this section, attention is focused on the influence of bending thermal excitation on the system dynamics, in order to critically point out similarities and differences with respect to what was obtained in the previous section by exciting the membrane temperature. With this aim, the presence of a time constant bending excitation e 1 is considered, with a linear variation along the thickness which produces a cooling of one external surface and an equivalent warming of the other. From a physical viewpoint, the difficulty of simultaneously realizing linear warming and cooling, the former obtained by the electrical Joule effect and the latter with endothermic reactions or with the insertion of coolant serpentines, makes it more realistic to suppose that the bending excitation is accompanied by the presence of a (constant along the thickness) positive membrane excitation e 0 , such that no negative cooling (or positive warming) values are induced in the global linear temperature diagram. This condition (e 1 = 0, e 0 = 0) describes, for example, a realistic Joule effect linearly variable along the thickness. In a methodological perspective, however, the separate presence of the two excitations is addressed, the effects of whose coexistence can be assessed as a combination of the separate ones, being the bending and membrane excitations not directly related to each other in the mathematical model. Since the bending temperature enters the mechanical equation with a term which furnishes a contribution to the external mechanical excitation, unlike the membrane temperature, analyses are developed in the following by considering two different reference values of the precompression p, corresponding to a pre-buckling and a post-buckling response scenario of the purely mechanical model, respectively.
(a) Modifying a two-sided mechanical buckling into one around a selected equilibrium Setting p = 4, which entails a two-sided mechanical buckling with competing solutions, in addition to the cross-well P1 solution (figure 9a), as already described in figure 4a , figure 9b-d shows the effect of adding a (positive or negative) thermal bending excitation e 1 . The bifurcation diagram of the mechanical displacement (figure 9b) highlights the inability of this thermal excitation to keep the system in a pre-buckling configuration, whose P1 grey curve is stable in a very limited range of excitation values. Consistent with the physically expected effect of changing the sign of e 1 , the overall scenario of the system mechanical response is antisymmetric, with the two stable low-amplitude buckled solutions ( P1 I orange/ P1 II red curves in figure 9) existing in complementary ranges of the excitation, and with the high-amplitude ones ( P1 III cyan/ P1 IV blue curves in figure 9 ) being confined to the same central range. As a consequence, for sufficiently high values of e 1 , the system displays buckled solutions oscillating around one sole varied configuration (i.e. in one of the two potential wells, in global dynamics terms), thus highlighting the possibility of exploiting the e 1 excitation to force the mechanical buckling around a selected equilibrium, according to its sign. It is worth noting that the response in terms of the membrane temperature is not affected by the sign of the excitation, i.e. it is symmetric with respect to the e 1 = 0 line, coherent with T R0 describing the thermal behaviour in the plate mid-plane. Also in this case, as observed in §3 for T R0 , the response of the thermal variable directly activated (T R1 ) is organized along a straight line, due to the almost linear nature of the relevant equation. The effects on the system behaviour of a positive excitation e 1 = 2 × 10 −4 , corresponding to a power density E (L) linearly distributed along the thickness of 5791. behaviour is also recognizable in the time history of the mechanical displacement (figure 11d(i)), with the jump from one solution to the other (and from the negative to the positive well) occurring during the initial steps of the temporal evolution. The influence of the thermomechanical coupling on the system dynamics is investigated by comparing the results with those obtained by the uncoupled mechanical model with a mean steady value of the bending temperature, which in this case corresponds to T R1 = 3.05 ( figure 11d(iii) ). With respect to the former (figure 11b), the uncoupled model exhibits an overall similar response scenario (figure 11c), but with visible changes in the basins' arrangement, again mostly pertaining to the negative well.
(b) Inducing mechanical buckling around a selected equilibrium
The second set of analyses refers to the presence of a precompression value lower than the critical one, i.e. p = 2.51, with the aim of possibly inducing mechanical buckling by applying bending thermal excitation, as in the case of membrane excitation. The achievement of this objective is shown in the bifurcation diagrams of figure 12 , where, starting from a pre-buckling scenario for e 1 = 0 (figure 12a), the addition of a positive/negative excitation proves to be able to generate buckled responses, although they are confined around only one positive/negative equilibrium, depending on the sign of e 1 . The outcomes confirm the previously mentioned effects due to increasing e 1 excitation on the system response, with the antisymmetry of the mechanical vibrations (figure 12b), and the insensitivity of the membrane temperature (not reported) to the excitation sign. However, the results obtained in terms of the basins' cross section reported in figure 13a ,b before and after the application of e 1 = 3 × 10 −4 provide discordant indications with respect to those furnished by the bifurcation diagrams. In fact, the expected basin of attraction P1 IV  P1 IV  P1 II  P1 II   P1 I  P1 I   P1 III  P1 III 2.51 the effect of the thermomechanical coupling together with the simultaneous presence of slow and fast dynamics. To better understand the behaviour of the coupled system, it is again worth noticing that the slowness of the bending thermal transient causes the contribution of the e 1 excitation to be supplied gradually into the mechanical equation by means of the coupling term related to T R1 . On the other hand, the mechanical vibration is much faster than the thermal one and its transient, needed for reaching a stable solution, is very short. From a phenomenological viewpoint, it appears possible to neglect the mechanical transient and to look only at the attractor of the system, whose evolution with increasing values of the thermal bending excitation from zero to the selected value e 1 = 3 × 10 −4 can be followed in the bifurcation diagram of figure 12b.
For low values of e 1 , where the grey P1 attractor is stable, the mechanical response is crosswell at least in its first initial steps, before possibly jumping to the coexisting blue buckled solution P1
IV upon its onset. But when the bending excitation reaches a value (e 1 ∼ = ±5.6 × 10 −5 )
providing a bending thermal variable T R1 in the mechanical equation such as to destabilize the P1 response via a period doubling bifurcation (figure 12b), the mechanical trajectories are more likely to swiftly jump onto the P1 IV buckled response, as shown in the very first steps of the W temporal evolution in figure 13d ; and since this solution is stable after the rise of the further (red) buckled solution P1 II , the system response remains steady on it during the whole considered cross section of mechanical initial conditions. Also in this case, considering cross sections of the 4D basins of attraction with different values of the governing thermal variable T R1 allows one to obtain a comprehensive description of the system global dynamics. With reference to the excitation value in figure 13 , and looking at the final outcomes of the dynamics beginning with the given T R1 initial conditions, figure 14 points out that relevant increasing values (figure 14b) succeed in progressively shortening the transient dynamics and more swiftly reproducing the response of the uncoupled system when the i.c. is set to the relevant regime value, thus capturing the presence of other basins of attraction ( figure 14a(iii) compared with figure 13c ). 
Transient and steady dynamics with the coupled model
The results reported in § §3 and 4 highlight the capability of thermal excitations to meaningfully affect the mechanical buckling of a von Kármán plate. This is apparent in the system's steady response both if considering the coupled thermomechanical model and if using the simpler model in which the uncoupled thermal problem is first independently solved and the ensuing steady outcome is then applied as a constant additional excitation in the mechanically forced problem. However, the different dynamical features of the two problems-the thermal one which is intrinsically slow, and the mechanical one which is much faster-entail non-trivial transient effects in the coupled model, which can meaningfully modify the relevant steady response with respect to the uncoupled one. This can occur in the presence of coexisting stable steady solutions, which are typical for geometrically nonlinear structures, if considering nearly vanishing values of the thermal i.c. of the multidimensional problem, which are indeed the most natural ones to be assumed if one is interested mostly in the mechanical outcome. In particular, with respect to the uncoupled model, imposing nearly trivial thermal i.c. may entail avoiding mechanical buckling through a membrane excitation, if a robustly stable cross-well solution coexists with the buckled one, or forcing it to occur around a different non-trivial configuration, if more buckled solutions coexist in meaningful ranges of the bending excitation. Even though the steady outcomes with the two models become the same when selecting proper non-vanishing i.c. of the thermal variables, the matter is worthy of attention if considering the actual multiphysics problem. These alternative outcomes are unveiled by complementing the local bifurcation analysis with a global one whichthough being quite involved, and indeed partial with the presently available computational tools, due to the multidimensional nature of the problem [39] -already allows one to obtain the nontrivial effects of the slow thermal transient on the steady dynamics, for specific choices of the thermal initial conditions. It is worth noticing that the effect of the thermal transient on the mechanical response is strong even though its duration is sensibly different from the membrane and bending excitations. Indeed, looking at the thermal time histories of figures 6c, 7c, 11d and 13d, it can be observed that the membrane temperature evolution is much slower than the bending one, due to the different values of the relevant linear stiffnesses, whose ratio isā 22 /ā 32 ∼ = 0.12, and regardless of the excitation type. Nevertheless, the two effects are still comparable on the mechanical equation, whose linear stiffness is four orders of magnitude higher. Moreover, the thermal steady values (T R1 = 3.05/4.57) attained by the bending variable in the sample cases studied herein are considerably higher than the one (T R0 = 0.9) of the membrane variable. However, figure 15 shows that considering a value of bending excitation (e 1 = 5 × 10 −5 ) lower than that in §4b provides again a different steady dynamics between the two (coupled/uncoupled) models, as in figure 14a, although the response features are different here because of the lower attained steady value (T R1 = 0.762) of the bending variable. In particular, the cross section of the coupled model basins of attraction for trivial thermal i.c. exhibits the sole pre-buckling P1 response ( figure 15a(i) ), while the uncoupled model basin of attraction shows the dominance of the P1 IV buckled solution (figure 15b). Also in this case, a complete description of the system dynamics can be attained by changing the bending initial conditions, confirming that the effects of both the membrane and bending thermal transients are appreciable for low as well as high steady values attained by the dominant variable.
(a) Reducing the thermal transient
Previous results show that, when considering a thermomechanical system with trivial thermal initial conditions, inducing mechanical buckling by a constant membrane thermal excitation or more generally achieving a multistable response through a thermal excitation, when starting from a pre-buckling scenario, is precluded. To allow the occurrence of these phenomena (of possible technical interest) without varying the thermal initial conditions, it is worth examining whether it is possible to somehow reduce the duration of the thermal transient by suitably acting on some internal (structure) and/or external (excitation) parameter. properly setting the thermal conductivities of the plate, in order to increase its thermal stiffnesses. Attention is focused in particular on the membrane equation, with the aim of more swiftly inducing mechanical buckling. The membrane thermal stiffness described by theā 22 coefficient in equation (2.1b), which for the reference material has the non-dimensional value 9.1137 × 10 −5 , is thus increased by two orders of magnitude, and the steady global response of the coupled system is investigated. Figure 16a with buckled solutions is obtained by applying a sole mechanical precompression p = 3.39 to the coupled model with the defaultā 22 value. If starting from a lower precompression (p = 2.51) with no buckling, the same buckled scenario (now corresponding to a steady-state value T R0 = 0.9; see figure 8) can be achieved for the system with increased thermal stiffness (ā 22 = 9.1137 × 10 −3 ) by exploiting thermal variations. However, the relation (3.2) highlights that, to achieve the same steady value T R0 = 0.9 with such an increased value ofā 22 , a thermal variation T ∞ = 10 4 is required, which is hardly imaginable under standard operation conditions. Thus, to attain the same goal, reference is made to the application of a time-independent thermal excitation e 0 , which is able to bridge the required pretension gap when being given the value e 0 = 8.29 × 10 −3 , obtained from relation (3.1), corresponding to a thermal power density E figure 16a ) is also reported for comparison. The differences in displacement time histories and orbits between the steady cross-well (black) and the steady buckled (cyan) solutions complete the response description. on one thermal (membrane or bending) dynamics by completely ignoring one of the two thermal equations and the relevant coupling terms, or even neglecting the thermal transient dynamics by assuming a known steady value of the thermal variables to be applied in the sole uncoupled mechanical equation. In particular, the analyses presented in the previous sections have compared the outcomes of the fully two-way coupled model with those of the uncoupled one, highlighting the key role played by the thermal transient in modifying the steady mechanical behaviour, without referring to intermediate models with only one thermal variable or with partial oneway coupling. Nevertheless, together with the results reported in a companion paper by Settimi et al. [2] , they are still useful for obtaining general information about the effects and importance of single coupling terms. In [2] , in fact, the behaviour of the fully coupled system (2.1) has been investigated in the presence of purely mechanical excitations, and the activation of the bending temperature due to theā 33 coupling term has demonstrated a contribution to the mechanical equation (through theā 15 term) able to modify the organization of the system basins of attraction, stressing the need to consider the two-way coupling (i.e. the presence ofā 24 andā 33 terms) to grasp the displacement dynamics. Conversely, when the active thermal regime is considered, the effects of the coupling terms in the thermal equations are overridden by the direct action of the applied thermal excitations, which determine the steady value of the excited thermal variable. Figure 17a confirms this behaviour, showing the coincidence of the mean and constant steady values of the T R0 variable, respectively, obtained under thermal excitation T ∞ = 100 with the fully coupled system (blue curve, which also exhibits minor oscillations) and by separately solving the uncoupled membrane equation (2.1b) (red curve). In these cases, the one-way partially coupled model is thus sufficient to correctly grasp the mechanical response of the system. Moreover, since the thermal equations are decoupled from each other, only the directly excited thermal equation would be needed in the model. Obviously, these simplified models, although describing well the mechanical behaviour, are not able to provide complete information about the thermal aspects. In fact, as shown by the phase portrait of figure 17b, the oscillatory steady response of the excited variable, which is directly related to the two-way coupling terms, cannot be captured by any of the other reduced systems, as well as the dragged activation of the not excited thermal variable displayed by the fully coupled model in figures 6, 7, 11 and 13.
On the influence of coupling terms

Conclusion
Local and global nonlinear dynamics of a 3 degrees-of-freedom reduced model of a classical von Kármán shear indeformable single-layer orthotropic plate with thermomechanical coupling, validated in linear dynamics and critical buckling, have been investigated to understand and use the complex interaction phenomena which arise in a multiphysics context characterized by the simultaneous presence of slow and fast dynamics. Attention has been paid to the system response under membrane and bending thermal excitations, respectively constant and linear along the plate thickness, which directly activate the corresponding thermal variables. Owing to the thermomechanical coupling, and because of their different distributions along the thickness, they demonstrate that qualitatively diverse effects on the mechanical response of the plate can be produced. In particular, focusing on the actual possibility of avoiding or inducing mechanical buckling, it has been proved that the constant membrane excitation, which is coupled to the mechanical equation by means of a term related to the linear stiffness, does not alter the symmetric post-buckling pattern of the underlying purely mechanical system, while possibly preventing or forcing its occurrence according to the excitation sign. Conversely, the linear nature of the bending excitation, which furnishes an additional external contribution to the mechanical forcing, causes a modification of the two-sided symmetric mechanical buckling into one (or the induction of the mechanical buckling) around a selected configuration, depending on the sign of the inherently antisymmetric excitation.
In both cases, the comparison with the uncoupled mechanical model in which the thermal contributions are taken into account via the mean steady value of the excited thermal variable, i.e. by neglecting the thermal time history, has highlighted the crucial role played by the transient evolution in steadily modifying the system dynamics. In fact, the slowness of the thermal dynamics with respect to the mechanical one has been shown to be responsible for the actual inability of thermal excitations to reproduce the desired scenarios of steady response, notwithstanding their values are selected to furnish contributions to the mechanical equation such as to allow the realization of those steady dynamics, according to the outcomes of local bifurcation analyses. The matter is associated with the computationally and physically 'natural' vanishing values of thermal i.c. considered in those analyses, and can only be resolved by assuming a global dynamics viewpoint, too. The global behaviour displayed by the coupled model is exhaustively described by the realization of suitable cross sections of the relevant 4D basins of attraction. The results point out that the organization of the system basins in the state space is strongly related to the thermal i.c. or, equivalently, to the duration of the thermal transient.
In this respect, two general considerations can be drawn. From a theoretical viewpoint, the need to consider a fully coupled thermomechanical model to grasp the actual response of the physical system is stressed by the comparison with the simplified uncoupled model, whose outcomes represent a specific response scenario achievable only under selected conditions. In a methodological perspective, developing a global dynamics analysis is fundamental not only for a comprehensive description of the system behaviour, but also to achieve useful hints to calibrate the operational set-up of the physical problem-by acting on the temperature conditions of the plate, or on its thermal stiffness, as shown here-and to possibly drive the dynamical response towards the expected configuration.
Finally, it is worth noticing that all the above understanding has been made possible solely by the use of relatively simple, yet comprehensive, coupled ROMs, whose outcomes are indeed considered to fruitfully pave the way to more extended analyses to be pursued through a richer model. In fact, further research is planned to suitably complement the accomplished reduced order analysis with the systematic investigation of the nonlinear response via a multiphysics finite-element method. Yet, the much higher dimensionality of the latter is expected to entail non-trivial problems just as regards the global bifurcation aspects of the slow/fast dynamics, which have been seen to play a fundamental role in the considered fully coupled thermomechanical condition.
Data accessibility. Analytical and numerical expressions of parameters and coefficients of the plate model are provided as the electronic supplementary material.
